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We predict a novel selection phenomenon in nonlinear interface dynamics out of equilibrium.
Using a recently developed formalism based on the Schottky-Klein prime functions, we extended
the existing integrable theory from a single interface to multiple moving interfaces. After applying
this extended theory to the two-dimensional Laplacian growth, we derive a new rich class of exact
(non-singular) solutions for the unsteady dynamics of an arbitrary assembly of air bubbles within
a layer of a viscous fluid in a Hele-Shaw cell. These solutions demonstrate that all bubbles reach
an asymptotic velocity, U , which is precisely twice greater than the velocity, V , of the uniform
background flow, i.e., U = 2V . The result does not depend on the number of bubbles. It is worth
to mention that contrary to common belief, the predicted velocity selection does not require surface
tension.
PACS numbers: 47.20.Hw, 47.20.Ma, 47.15.km, 02.30.Ik
Laplacian Growth. Nonlinear interface dynamics and
pattern formation out of equilibrium were and still are
at the forefront of fundamental physics and remain also
of great importance for numerous applications [1]. The
Laplacian growth (LG) is probably one of the deepest
and at the same time the simplest and the most universal
process of this kind, as it grasps all major features of un-
stable interface dynamics and has multiple applications,
ranging from oil/gas recovery to malignant growth. It
also stands as the prototype for many growth processes,
such as dendritic solidification [2], combustion fronts [1],
electro-migration of voids [3], streamer ionization fronts
[4], and bacterial colony growth [5], to name just a few
[6].
The recent surge of interest in LG echoed the set of re-
markable discoveries of deep connections of the LG non-
equilibrium physics mentioned above with such branches
of fundamental physics as quantum gravity [7] and quan-
tum Hall effect [8]. In addition, deep connections of LG
with mathematics were revealed, on both the classical
(the inverse potential problem [9], Riemann surfaces [10])
and modern levels (integrable hierarchies [11], random
matrices [12], and the soliton theory of the hydrodynamic
kind [10]).
Selection of the observed pattern from the continuum
of available solutions. The major challenge of LG inter-
face dynamics in the Hele-Shaw channel has been at the
center of attention since the seminal work of Saffman
and Taylor in 1958 [13], because of highly non-trivial
physics and mathematics that defied traditional treat-
ments. This problem concerns the selection of a single
observable pattern (e.g., a finger or a bubble) from a con-
tinuum of stationary solutions obtained in the absence of
surface tension. Since the problem was posed [13], the in-
variably held common belief was that it is surface tension
that selects the observable pattern. This belief was con-
firmed when, after considerable efforts since 1958 to mid
1980s, it was finally shown by several groups in 1986 [14]
that the inclusion of small surface tension indeed leads
to the observable velocity selection.
Short recent history. Quite surprisingly, it was shown
later (first in [15] for a finger and later in [16] for a bubble)
that there is no need of surface tension for velocity se-
lection in a Hele-Shaw channel. In both these works the
velocity is selected entirely within zero surface tension
dynamics, by demonstrating that the selected pattern is
the only attractor of the dynamical system describing the
process without surface tension. Similar result was also
recently obtained for a single bubble in an unbounded
Hele-Shaw cell [17]. These works shattered the paradigm
of the necessity of surface tension for selection, but were
limited to a single interface: it was not clear at all if se-
lection without surface tension would hold for multiple
interfaces.
In [16] we conjectured that for an arbitrary number of
inviscid bubbles in the flow all bubbles reach the same
asymptotic velocity, which is precisely twice greater than
the velocity of the uniform background flow. In other
words, U = 2V , in the long time limit, t → +∞, (t is
time), where U is the asymptotic bubble velocity, and V
is the velocity of the uniform background flow. Again, we
believed that no surface tension is required for explain-
ing this selection, but mathematical difficulties of deal-
ing with moving multi-connected domains seemed unsur-
mountable and so prevented us at that time to prove this
hypothesis.
The obtained result. In this paper we demonstrate, by
generalizing recently found stationary exact solutions to
the zero surface tension LG for multi-connected interfaces
[18], that any number of bubbles in the channel reach
2the same asymptotic velocity, U = 2V , thus proving the
above mentioned conjecture stated in [16]. This result de-
serves attention not only because it predicts a novel and
easily testable physical effect, important for both non-
equilibrium physics and numerous applications, but also
because it presents a new rich class of unsteady exact
solutions for a notoriously challenging problem: unsta-
ble nonlinear dynamics with infinite degrees of freedom.
As such, our result also contributes to the mathematical
physics of integrable nonlinear systems.
More specifically, in this Rapid Communication we
derive exact non-singular zero surface tension solutions
for unsteady multi-bubble dynamics in a Hele-Shaw cell,
which is possible owing to the integrability of LG. The
solutions are written in closed form in terms of certain
special transcendental functions known as the Schottky-
Klein prime functions. Then we analyze the asymptotics
of the solutions for t→∞ and establish that U = 2V in
this limit.
Formulation of the problem. The Hele-Shaw channel
is an infinite horizontal strip occupied by a viscous fluid,
denoted by the domain D(t), and by M inviscid bub-
bles, the domains Dj(t), j = 1, 2, ...,M , trapped inside
the viscous fluid, as shown schematically in Fig. 1(a) for
M = 2. The uniform fluid source at x → −∞ pushes
the flow toward the uniform sink at x → +∞. The 2D
LG in this setting is formulated (in scale units where the
channel width is chosen to be π and the background ve-
locity V is set to unity) as follows. Because the viscous
fluid is incompressible, ∇ · v = 0, where v is the velocity
vector field, and because the flow is potential, v = −∇p
(Darcy’s law), where p is a pressure field, we find that
the pressure obeys the 2D Laplace equation, ∇2p = 0. In
both asymptotics x→ ±∞, p = −x, because of the uni-
form fluid source at x → −∞ and the sink at x → +∞.
Also, ∂np = 0 (no normal flow) at both boundaries of the
channel, y = 0 and y = π, where ∂n is the normal deriva-
tive. Furthermore, we have p = pj along the moving
interface ∂Dj(t), for j = 1, ...,M , where the pj’s are con-
stants, reflecting the facts that the pressure is constant
inside the inviscid bubbles and that surface tension is
neglected. Finally, the kinematic boundary condition re-
quires that the normal velocities of the moving boundary,
Vn, and of the viscous fluid, vn, coincide, so Vn = −∂np at
the moving interface Γ(t) =
⋃
j ∂Dj. The full mathemat-
ical formulation of the problem thus takes the following
form:
∇2p = 0 inD(t), (1a)
p = pj at ∂Dj(t), (1b)
Vn = −∂np at Γ(t), (1c)
p = −x for x→ ±∞, (1d)
∂np = 0 at y = 0 and y = π. (1e)
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Figure 1. The flow domains for a finite assembly of bubbles
in a Hele-Shaw channel: (a) the physical z-plane; (b) the
plane of the complex potential; and (c) the auxiliary complex
ζ-plane.
The Schwarz function. The first three equations in (1)
are known [18] to be equivalent to
St = 2wz, (2)
where S(z, t) is the Schwarz function [19] of the inter-
face Γ(t), defined as z = S(z, t) for z ∈ Γ(t), w(z) =
−p(x, y) + iψ(x, y) is the complex potential, analytic in
D(t), and ψ(x, y) is the stream function, harmonic con-
jugate to negative pressure, −p(x, y). In (2) subscripts
denote partial derivatives. It follows from this equation
that all singularities of S(z, t) inD(t) different from those
of w(z) are constants of motion [20].
The challenge here is to find closed form solutions of
(1) for the unsteady dynamics of an arbitrary (but finite)
assembly of inviscid droplets. Previously obtained solu-
tions mentioned above were restricted to a single interface
[16].
Three complex planes, as shown in Fig. 1, are needed
for our analysis: 1) The “physical” plane z = x + iy,
representing the Hele-Shaw channel with M inviscid
bubbles, Dj(t), as shown in Fig. 1(a). The bubbles
move together with the fluid to the right because of the
source/sink at x → ∓∞. The fluid domain, D(t), occu-
pies the horizontal strip, 0 < y < π, without the bubbles
domains, Dj(t). 2) The complex potential w-plane, as
shown in Fig. 1(b). The vertical slits there represent the
bubble boundaries, ∂Dj(t), where p = pj, see (1b), and
the horizontal lines, ψ = 0, π, represent the north/south
walls of the channel, which are streamlines in accordance
with (1e). So, the horizontal strip 0 < ψ < π, with the
slits excluded, represents in the w-plane the viscous fluid
domain, D(t), in the z-plane. 3) The auxiliary complex
plane, ζ = ξ+iη, used for the conformal map z(ζ, t). The
flow domain Dζ in the ζ-plane corresponds to the interior
3of the unit circle C0, but excising from it M disjoint cir-
cles, Cj , j = 1, ...,M , as shown in Fig. 1(c). Here δj and
qj are the center and the radius of the j-th circle, respec-
tively, for j = 1, 2, ...,M . The circles Cj are mapped to
the bubble boundaries, ∂Dj(t), in the z-plane and to the
vertical slits in the w-plane, whereas C0 is mapped to the
channel walls, y = 0, π, in the z-plane and to ψ = 0, π in
the w-plane, while the two points ζ± ∈ C0 are mapped
to the sink/source at x = ±∞, respectively.
A special transcendental function, Ω(ζ, α), called the
secondary Schottky-Klein prime function (see mathemat-
ical details in [21]) plays a key role here, by allowing us
to write an explicit formula for the conformal map z(ζ, t)
defined above. To this end, let C−j denote the inversion
of circle Cj in the unit circle and introduce the Moebius
maps θj(ζ) = δj+q
2
j ζ/(1− δ¯jζ), j = 1, ...,M , where each
θj(ζ) maps the circle C−j onto Cj . The function Ω(ζ, α)
is defined as
Ω(ζ, ω) = (ζ − ω)
∏
θ∈Θ′′
(ζ − θ(ω))(ω − θ(ζ))
(ζ − θ(ζ))(ω − θ(ω))
, (3)
where the set Θ′′ contains all even compositions of the
Moebius maps θj(ζ), but excluding their inverses [21].
The Schwarz function, which is the key to the inte-
grable structure of LG, has the following useful represen-
tation in the ζ-plane:
S(z, t) = z(φj(ζ), t), (4)
which is valid for ζ ∈ Cj and elsehwere by analytic con-
tinuation. Here φj(ζ) = θj(1/ζ) is the conjugation map
defined such that ζ = φj(ζ) for ζ ∈ Cj , and we have in-
troduce the notation f(ζ) = f
(
ζ
)
. We note for later use
that for points on the unit circle it follows from (4) and
the definition of φj(ζ) that
S(z, t) = z(θj(ζ), t), ζ ∈ C0. (5)
The complex potential. Let us denote by W (ζ, t) ≡
w(z(ζ, t)) the complex potential written in the ζ variable.
In terms of the secondary Schottky-Klein prime function,
Ω(ζ, α), introduced above we can write [18]
W (ζ, t) = log
Ω(ζ, ζ−)Ω(ζ, θl(ζ+))
Ω(ζ, ζ+)Ω(ζ, θl(ζ−))
+ iC(t), (6)
where l is any number from {1, 2, ...,M}, and C(t) is
a real constant, insignificant for the velocity field. One
can verify that W (ζ, t) satisfies all the desired bound-
ary conditions: Re[W (ζ, t)] = constant for ζ ∈ Cj
and Im[W (ζ, t)] = constant for ζ ∈ C0, corresponding
to the boundary conditions (1b) and (1e), respectively.
The constant C (not given here) is chosen so as to set
Im[W (ζ, t)] = 0, π for ζ ∈ C0.
In what follows, we focus exclusively on non-singular
solutions, which remain finite for all times, so enabling us
to address the selection problem in the long-time asymp-
totics. Thus we leave aside solutions that blow up in
finite time, as physically non-realizable. Here we present
a rich class of finite-parametric non-singular solutions by
extending those obtained earlier for a finger [15] and for
a single bubble [16].
The solution. Formula (6) suggests the following gen-
eral solution for the conformal map z(ζ, t) describing the
multi-bubble dynamics:
z(ζ, t) = h(t) + ∆+ log
Ω(ζ, ζ−)
Ω(ζ, ζ+)
+
N∑
k=1
{αk logΩ(ζ, ak) + αk logΩ(ζ, 1/ak)} , (7)
where h(t) is real, ak(t) /∈ Dζ are complex parameters,
αk are constant in time, with
∑N
k=1 αk = 0 to ensure
that z(ζ, t) is single-valued, and
∆ =
1
2
log
(
ζ+
ζ−
)
+
1
2
N∑
k=1
(αk log ak − αk log ak) . (8)
In the solution (7), the parameter ∆ is required to enforce
the boundary condition Im[z(ζ, t)] = 0, π for ζ ∈ C0,
while the sum of logarithms is chosen for z(ζ, t) to be non-
singular [23]. One also sees from (6) and (7) that w(z) ≈
z for |z| → ∞, as required by (1d). Furthermore, the
moving boundary of the j-th bubble is given by ∂Dj(t) =
z(δj+qie
iϕ, t), where ϕ ∈ [0, 2π] parametrizes the bubble
boundaries.
The geometrical parameters δj and qj are specified as
part of the initial condition and remain fixed in time;
they determine the bubble areas and the location of their
centroids in the steady regime; see [18]. It follows from
(2) that the strength αk of the logarithmic singularity
at ak does not depend on time either. Hence, there are
2N+3 time-dependent real parameters to be determined:
namely, N complex parameters ak and three real param-
eters h, and ζ±.
Computing the Schwarz function S(z, t) from (4) and
(7), one can show that its only singularities in Dζ are at
the points θl(1/a¯k), for k = 1, ..., N , and so their images
βk = z(θl(1/a¯k), t) are in the fluid domain D(t). We
are assuming for the moment that ak 6= θl(ζ±), so that
θl(1/ak) 6= ζ±, for k = 1, ..., N . Since all singularities
of S(z, t) within D(t) are constants of motion, we have
β˙k = 0, where dot denotes time derivative and
βk = h(t) + ∆ + log
Ω(θl(1/a¯k), ζ−)
Ω(θl(1/a¯k), ζ+)
+
N∑
m=1
{αm logΩ(θl(1/a¯k), am) + α¯m logΩ(θl(1/a¯k), 1/a¯m)} .
(9)
4Analytically, the βk’s are the logarithmic, time-
independent singularities of the Schwarz function, S(z, t),
located in D(t), while geometrically they are vertices of
virtual fjords, akin to those in [22]. Since S(z, t) is finite
at x = ±∞ [under the assumption that ak 6= θl(ζ±), ∀k],
it follows from (2) and from the fact that wz ≈ 1 for
x → ±∞ that limx→±∞ [S(z, t)− 2t] remains constant
in time. This implies, in view of (5), that the quanti-
ties β± = z(θl(ζ±), t) − 2t are constants of motion, i.e.,
β˙± = 0, where
β± = h(t)− 2t+∆+ log
Ω(θl(ζ±), ζ−)
Ω(θl(ζ±), ζ+)
+
N∑
k=1
{αk logΩ(θl(ζ±), ak) + α¯k logΩ(θl(ζ±), 1/a¯k)} .
(10)
One can show that Im[β+] = Im[β−], hence there are
only three independent real parameters in the two com-
plex constants β±. Thus, equations (9) and (10) provide
the complete time-dependence of the parameters ak(t),
ζ±(t), and h(t), where the values of the βk’s and β± are
determined by the initial conditions and remain constant
in time. By numerically solving these equation for subse-
quent times, it is possible to obtain the time evolution of
the multiple interfaces. A numerical analysis of the solu-
tions above will however be left for a future publication,
as the main purpose of the present paper is to report
exact solutions for multiple bubbles and study the asso-
ciated velocity selection problem, to which we now turn.
Velocity selection. Suppose now that one of ak’s, say
a1, is chosen such that a1(0) = θl(ζ+(0)), then a1(t) =
θl(ζ+(t)) for all times. One can show that in this case
S(z, t) =
(
1−
2
U
)
z +
2
U
h(t) +B(t) +O
(
1
z
)
, |x| → ∞,
(11)
where U = 2/[1+(α1+α1)] and B(t) is a time-dependent
constant (its expression is not relevant here) that remains
finite for all times. Now, as β˙+ = limx→+∞[St − 2] = 0,
see (2), the constant of motion β+ becomes
β+ =
2
U
h(t)− 2t+B(t). (12)
This implies that h(t) → Ut for t → +∞, in order to
keep β+ constant. Using this result in (9), it then follows
that all ak, k 6= 1, move to θl(ζ−) when t → +∞, so
that θl(1/ak) → ζ−, in order to cancel the divergence
of h(t). In other words, in the long-time asymptotics the
assembly ofM bubbles arrives to the steady state regime
and moves to the right with the velocity U . In this limit
the solution (7) becomes [18]
z(ζ, t) = Ut+ log
Ω(ζ, ζ+)
Ω(ζ, ζ−)
+
(
1−
2
U
)
log
Ω(ζ, θl(ζ+))
Ω(ζ, θl(ζ−))
,
(13)
where we have omitted a (nonsignificant) additive con-
stant. Thus, in this case our dynamical system,
{ak(t)|k = 1, ..., N}, has a fixed point equal to
{θl(ζ+), θl(ζ−), ..., θl(ζ−)}, corresponding to U 6= 2. But
is this fixed point stable?
To answer this question we should see how a1(t) moves
after an infinitesimal deviation of the initial value of
a1(0) from θl(ζ+(0)), i.e., take a1(0) = θl(ζ+(0)) + ǫ,
for some small perturbation ǫ, while all others ak(0), for
k = 2, ..., N , stay as they were. In this case we then have
that ak 6= θl(ζ+), ∀k, and so it follows from (10) that
h(t)→ 2t for t→ +∞, to keep β± constant; whereas (9)
implies that ak → θl(ζ−), as shown above, to cancel the
divergence of h(t). In other words, all ak’s approach the
same point θl(ζ−) for t→ +∞, and since
∑
k αk = 0 the
solution (7) takes the following asymptotic form
z(ζ, t) = 2t+ log
Ω(ζ, ζ−)
Ω(ζ, ζ+)
, (14)
which is the solution for U = 2; see (13).
This result demonstrates that the only attractor (i.e.,
the stable fixed point) of the dynamical system represent-
ing a finite number of moving bubbles in the channel is
the point θl(ζ−) at the ζ-plane, corresponding to U = 2.
In this case S(z) is free of singularities in the fluid do-
main D(t), whereas in the unstable case of U 6= 2, S(z)
has a simple pole at z =∞; see (11). The preceding sta-
bility argument thus shows that, even if we prepare the
(real) system with an initial condition corresponding to a
steady solution with U 6= 2, ensuing (and inevitable) per-
turbations will drive the bubbles towards a configuration
with U = 2.
In conclusion, we have shown that in the long-time
asymptotics an arbitrary finite assembly of moving invis-
cid bubbles in the Hele-Shaw channel acquires the same
velocity, U = 2V , which is precisely twice the background
uniform flow velocity, V , provided by the source (and
sink) at |x| → ∞. This confirms the conjecture we stated
earlier in [16] that U = 2V should be selected in general,
irrespective of the number of bubbles. The predicted
phenomena should be easily observable in experiments,
and probably cannot be described analytically by more
traditional existing mathematical tools.
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